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Abstract. Hausdorff spaces that are continuous images of a compact linearly 
ordered topological spaces are studied by employing a back-and-forth argument 
(between such spaces and compact linearly ordered topological spaces). 



Introduction 

Let X be a Hausdorff space which is a continuous image of a compact linearly or- 
dered topological space (LOTS), V be a cardinal characteristic, and A a topological 
property. Consider the following back-and-forth scheme: 

(1) If X satisfies 7^, is it possible to "pull-back" V from X to some compact 
LOTS K which maps continuously onto XI 

(2) If (1) is possible, and we know that every compact LOTS satisfying V must 
also satisfy A, is it true then that X also satisfies A? 

Indeed, (1) had been considered as far back as 1962 by Mardesic and Papic [5]; 
theorem 1 down concisely presents most of their work. We also study (2), the 
push-forward part of the scheme, obtaining several applications. In addition, we 
prove a continuum-theoretic embedding theorem. By Nikiel's conjecture, all our 
results can be formulated for monotonically normal compacta. 

1. Basic results 

All spaces are assumed to be Hausdorff, and all maps continuous. The scripts \-> 
t/j, c, d, w, and nw refer to character, pseudo-character, cellularity, density, weight, 
and net- weight, respectively. 

A triplet (K, T, <), where if is a set, T a topology on K, and < a linear order 
on K, is called a linearly ordered topological spaces (LOTS, or, ordered space). 

A subset C C (L, <) is said to be convex if whenever a, b, c 6 L are such that 
a,b G C and a < c < b, then c £ C. An order component of a subset A C L is a 
subset C C L which is maximal with respect to the properties "C C A, and C is 
convex" . It is clear that each order component of each open set is open. 

A map / ' : K — >■ X from a LOTS K to a space X is said to be order-light if for 
each x £ X, every order component of f^ 1 (x) is degenerate. 

A surjective map /: X — ► Y is called irreducible if f(A) ^ Y for each proper 
closed subset A C X. Equivalently, / is irreducible iff for each nonempty open 
subset U C X, /"([/):= Y \ f(X \ U) ^ 0. 

Let's call a surjective map f:K—>X from a LOTS if to a space X reduced iff 
it is irreducible and order-light. 



Date: July 27, 2012. 

2000 Mathematics Subject Classification. Primary 54A35, 54D30, 54D15. 

1 



2 



AHMAD FARHAT 



Lemma 1 (|12j. [5]). Let X be a continuous image of an ordered compactum. Then 
there are an ordered compactum K and a reduced map f : K — > X . 

The proof of the lemma is more or less straightforward. Ensuring that / is 
irreducible follows easily from Kuratowski-Zorn lemma. To produce an order-light 
map from an original map g from a compact LOTS K' onto X, we identify order 
components of fibers of g. 

The proof of the following theorem occupies the bulk of [5] . Following is a concise 
proof. 

Theorem 1. Let X be an image of an ordered compactum. Then there are an 
ordered compactum K and a map f : K —¥ X onto X such that 

(1) for every ktK, X (k,K) < X (f(k),X), so that X (K) < X {X), and 

(2) c{K) = c(X), d(K) = d(X), and w(K) = w(X). 

Proof. Let /: K — > X be a reduced map from a compact LOTS K onto X. Recall 
that in compact spaces, character and pseudo-character coincide, as well as weight 
and net- weight. 

(1) For x, y distinct elements of K with f(x) — f(y), there is a z € K between x 
and y such that f(z) ^ f{x). Let k G K. Put K = x(f(k),X), and choose a local 
basis {V a : a < k} for X at the point f(k). For each a < k, let U a be the order 
component of / _1 (V^) containing k. It will be shown that n Q < K U a = {k}, so that 
X(k, K) = if>(k, K) < k. Let m^k. 

Case 1. f(k) ^ f{m). Let a < k be such that /(to) ^ V a . Clearly m £ U a . 
Case 2. f(k) = /(to). Then there is an I between k and to such that f(l) ^ f{k). 
Let a < k be such that f(l) £ V a . Since U a is convex, m ^ U a . 
In both cases, m £ f] a<K U a . 

(2) Since / is irreducible, c(X) = c(Y). This follows from the well-known fact that 
the existence of an irreducible map between two compact spaces implies that they 
have the same cellularity. 

That d(K) = d(X) is also attributable to folklore. To see this, choose a dense subset 
D C X. For each d G D select one point d! G f^ 1 {d), and form D' = {d 1 : d G D}. 
Recall that a compact GO-space is a LOTS. D' — K, for otherwise, irreducibility 
will be contradicted. 

Finally, let B be a base for X of cardinality w(X), and let U be the set of all order 
components of elements f^ 1 (B),B G B. It's easy to see that U forms a base for 
K (by (1), it contains a local base at each point), and \U\ < \B\ ■ c(X) = w(X). 
Hence, w(K) < w(X). On the other hand, by compactness, / does not increase 
weight. □ 

Corollary 1. Let P be a property from {first countable, ccc, separable}. Each space 
which satisfies P and is a continuous image of a compact LOTS is a continuous 
image of a compact LOTS which satisfies P. 

Let us say that a map /: X — > Y is 1-1 on a subset A C X if for each x G A, 
f-Hf(x))={x}. 

Corollary 2. Each first countable monotonically normal compactum contains a 
dense non-archimedean subspace. 

Proof. Let X be a first coutable space which is an image of a compact LOTS, and 
let / be a reduced map from a compact LOTS K onto X. K is then first countable, 
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and / is 1-1 on a dense subset A of K pQ. A theorem of Qiao and Tall [6] states 
that any first countable LOTS has a dense non-archimedean subspace. A minor 
adjustment of the proof shows that this result still holds for first countable GO- 
spaces. Hence, A has a dense non-archimedean subspace B. To see that Y := f(B) 
is a dense non-archimedean subspace of A, it suffices to show that the bijection 
/\b '■ B — > Y is an open map. Let U C B be an open set of B. Then U — B D V 
for some V open in K, and since / is 1-1 on B, 

f\ B (u) = f(u) = f{u) = f\v) n /»(£?) - f(V) n Y, 

which is open in Y. □ 

2. Embedding theorems 

For a space A and a subset Y of A, denote by K(A \ V) the family of all 
components of X \ Y. Let A be a locally connected continuum, and let A be a 
closed subset of A. A is said to be a T-se^Q in A if bd(C) consists of exactly two 
points for each C £ K(A \ A). If each C £ K(A — A) is homeomorphic to (0, 1), 
A is said to be a strong T-set in A. 

A jump in a LOTS is a subset {x, y} such that there is no point between x and 
y. A LOTS which is also a continuum is called an arc. 

Lemma 1 of Treybig has been mostly used in conjuction with "fillings" (of jumps) 
of compact ordered spaces to produce embedding theorems. In particular, Nikiel 
[7] proved that for each space A which is a continuous image of a compact LOTS, 
there is a locally connected continuum A such that A is a continuous image of an 
arc, and A embeds as a strong T-set in A. 

Since Nikiel's argument will be needed in the sequel, it is better to sketch it 
presently: Let A be a space which is a continuous image of a compact LOTS K 
under a reduced mapping /. Embed K into an arc A by inserting a copy of the 
open unit interval (0, 1) into each jump of K. Consider the upper semicontinuous 
decomposition A of A into sets £ A, and one-point sets {a}, a £ A\K. 

The quotient space A = A/ A is a locally connected continuum which is a continuous 
image of an arc, and in which the space A embeds as a strong T-set. 

The following is a generalization of Nikiel's theorem. 

Theorem 2. Let X be an image of a compact LOTS. Then there is a locally 
connected continuum X such that X is a continuous image of an arc, X embeds as 
a strong T-set in A, 

(1) x(A) < x(A), and for each x £ X , x(x, A) < x( x > X)> an d 

(2) w(X) = w(X). 

To prove the theorem, we follow the aforementioned outline to embed A as a 
strong T-set into a locally connected continuum A which is a continuous image of 
an arc. A is obtained by adding copies of (0, 1) to A. 

Proceeding, we give two proofs for theorem 2; the first proof shows that it can 
be obtained as a corollary of theorem 1, and the second gives it an independent 
continuum-theoretic proof. We chose to give the second proof, because theorem 1 
part (1) can actually be derived from theorem 2, showing the interplay between 
order-theoretic and continuum-theoretic aspects here (we will outline this in a 



T for Treybig, terminology due to Nikiel. 



4 



AHMAD FARHAT 



remark after the proofs). Indeed, lemma 1 is the order-theoretic version of the 
monotone-light decomposition from continuum theory. 

Proof 1. By theorem 1, for each k 6 K, x(k,K) < x(f(k),X). A is obtained by 
inserting copies of (0, 1) in jumps of K. It suffices to see that for each k E K, 
x(k,K) < x(k,A). Let k E K, n — x(k,K), and {U a - a < k} be a local base 
for K at k. We may assume without loss of generality that for each a < k, U a is 
convex. Form the family {V a : a < k} of subsets of A, where each V a is obtained 
by taking the union of U a with all added copies of (0, 1) whose set of endpoints has 
a non-empty intersection with U a . It is easy to see that that C\ a<K — {k}- O 

Let A be a family of subsets of a space X. A is said to be a null family in X 
if for each open cover U of X, the collection of all A € A that are contained in no 
single U E U is finite. When X is compact, it can be shown that A is a null family 
in X if and only if for every two disjoint closed subsets G and H of X the pair of 
inequalities AC\G^%^AC\H holds for at most finitely many A E A. 

It is obvious that if / : X — > Y is a map between spaces X and Y, and ^4 is a 
null family in X, then {/(^4) : A £ .4} is a null family in Y. 

Proof 2. The family A of open arcs added to X (to obtain X) is a null family in X. 
For, by the above note, it is enough to show that the family O of copies of (0, 1) 
inserted in jumps of if is a null family of open arcs in K. This is a pleasant and 
easy observation (see e.g. [5]), but we sketch the argument for convenience: supose 
otherwise; i.e. that that there are two disjoint closed subsets G and H of K and 
a sequence {Oi}i <UJ C O such that for all i < oj, Oi n G ^ ^ Oi PI ii. There is 
no loss of generality in assuming that this sequence is chosen in a monotnoe way, 
i.e. that a random sequence {o.; : oi E Oi}i <ul is monotone. For each i E u) choose 
two points k® E Oi Ci G and k\ E Oi PI H. It is easily seen that the limits of the 
sequences {k®}i <UJ and {k®}i <u can not be different. This contradicts the fact that 



Next, we show that the character at points of X is preserved when we move to 
X. Let x E X , k == x( x ,X), and {U a : a < k] be a family of open subsets of X 
such that n Q < K ^« — { x }- Since ^4 is a null family in X, for each a, the subfamily 
A 1 C A each of whose members intersects both {x} and X \ U a is finite. Denote 
by I the family of copies of [0, 1] each of which is obtained from an open arc (0,1) 
from A by adding to it its endpoints. For each a < k and each i < u), let 



where each [x, i) is the intial part of an arc from X (we're taking only finitely many 



It is also easy to see that each x E X \ X has countable character. This proves (1). 

For (2), simply note that the weight of a LOTS is equal to the order-density of 
the LOTS as an ordered set. This means that already the weight of K is greater 



G(1H = 0. 



V^ = U a U \J{I G I : (| J n U a \ = 2) V (x $ I A \I n U a \ = 1)} 
Li\J{[x,-):(3lEl)({x} = U a nl)}, 




than the number of jumps of K . 



□ 



Corollary 3. Each first countable monotonically normal compactum can embed- 
ded as a strong T-set into a first countable locally connected monotonically normal 
continuum. 
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Remark 1. Let's outline how theorem 2 yields an alternative proof of theorem 1 
(for brevity we'll only do it in the first countable case): let X be a first countable 
space which is an image of a compact LOTS. X embeds into a locally connected 
continuum X which is first countable and a continuous image of an arc. Nikiel's 
characterization of continuous images of arcs [8] implies that X can be (strongly) 
approximated by finite dendrons, so that X is a continuous image of a dendron T 
which is, in addition, first countable. We can show that T is a continuous image of 
a first countable arc. Hence, X is a continuous image of a first countable compact 
LOTS. 

3. Cellularity 

Recall that in compact spaces, perfectly normality is equivalent to hereditary 
Lindelofness. Recall also that for a monotonically normal space X, c(X) = hc(X) = 
hL(X) ([DJ). Hence, a monotonically normal compactum is perfectly normal iff it 
is ccc. The first thing to notice then is that, in the setting of cellularity, there 
are no analogues of either theorem 2 or corollary 3. For a perfectly normal space 
which is a continuous image of a compact LOTS can not always be embedded into 
a perfectly normal continuum which is a continuous image of an arc- the double 
arrow space being the basic counterexample. To set this observation in a general 
setting, recall that a continuous image of an arc is locally connected, each closed 
subset of a perfectly normal space is a G^-set, and the following theorem of Daniel. 

Theorem 3 (2 ). A space which is the continuous image of a compact LOTS is 
metrizable if and only if it is separable and can be embedded as a Gs-set into a 
locally connected continuum. 

But there is an easy analogue of corollary f . 

Corollary 4. A perfectly normal space which is a continuous image of a compact 
LOTS is a continuous image of a perfectly normal compact LOTS. 

On the other hand: 

Proposition 1. Let X be a space which is ccc and which is a continuous image 
of a compact LOTS. Then X is a continuous image of a perfectly normal compact 
LOTS, and as such is perfectly normal. 

Proof. By theorem 1, X is a continuous image of a compact LOTS which is ccc. 
But a ccc LOTS is perfectly normal (it is monotonically normal for instance). □ 

A Souslin line is a LOTS which is ccc but not separable. 

Theorem 4. Let X be a ccc and monotonically normal compactum. Then 

(1) X has a dense perfectly normal non-archimdean (and orderable) subspace. 

(2) X contains either 

(i) a dense metrizable subspace, or, 

(ii) a dense subspace which is a Souslin line. 

(3) Assume MAn 1 . Then X has a dense metrizable subspace. 

Proof. (1) By proposition 1, X is perfectly normal. A perfectly normal compact 
space is first countable. By corollary 2, X contains a dense non-archimdean sub- 
space D which is, of course, perfectly normal. A perfectly normal non-archimedean 
space is orderable [ID] . 
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(2) Suppose A contains no dense metrizable subspace. Then D from (1) is non- 
metrizable, orderable, ccc (since c(A) — hc(X)) and not separable. That is, D is a 
Souslin line. 

(3) MA^ negates the existence of Souslin lines. □ 

Corollary 5. Assume MA^ t . If a monotonically normal compactum X contains 
no dense metrizable subspace, then it contains an uncountable discrete subspace. 

Let L denote an arbitrary LOTS, and X an arbitrary space. L is called convex 
cr-dcc if every antichain of convex open sets in L is cr-discrete. X is said to be K' Q 
if it has a cr-discrete dense subspace. cr-dcc and K Q are generalizations of ccc and 
separability, respectively. A generalized Souslin line is a LOTS which is convex 
cr-dcc but not Kq (note that in GO-spaces, the convex cr-dcc property coincides 
with perfect normality). The reader is refered to [6] for more details and relevant 
information. There, it was shown that MA^ is not sufficient to negate the existence 
of generalized Souslin lines. 

Corollary 6. Assume MA^ t . The Dedekind completion of any generalized Souslin 
line contains an uncountable discrete subspace (and thus is never perfectly normal). 

A (compact) Souslin line contains no dense metrizable subspace. Thus, 

Corollary 7. The existence of a ccc monotonically normal compactum that con- 
tains no dense metrizable subspace is independent of ZFC. 

By split interval we denote the familiar double arrow space of Alexandroff. The 
following theorem properly belongs to folklore. 

Theorem 5. A compact space is a continuous image of the split interval if and 
only if it is separable and monotonically normal. 

Proof. Let X be separable and monotonically normal compact space. By corollary 
1, A is a continuous image of a separable compact LOTS. Now, each separable 
compact LOTS is a continuous image of the split interval. □ 

Denote, by SH, Soulsin's Hypothesis that there are no Souslin lines. 

Theorem 6. (1) Assume SH holds. A compact space is a continuous image of the 
split interval if and only if it is ccc and monotonically normal. 
(2) Assume SH fails. A compact space is a continuous image of a compact Souslin 
line if and only if it is ccc and monotonically normal. 

Proof. (1) Let A be a compact space which is ccc and monotonically normal. Then 
X is the image of a compact LOTS K which is ccc. Since SH holds, K is separable, 
and hence X is separable. By theorem 5, X is an image of the split interval. 
(2) Let A be a compact space which is ccc and monotonically normal. If A is not 
separable, A is a continuous image of a compact LOTS K which is ccc and non- 
separable. That is, A is an image of a compact Souslin line K. Suppose now that A 
is separable. By the previous result, it suffices to show that the double arrow space 
is an image of a Souslin line. The usual construction of Souslin line from a Souslin 
tree, for instance, gives a transfinite inverse sequence S — (X a , f^,u)i) of copies of 
[0, 1] with monotone surjective maps such that A = lim inv S. In particular, we 
have a Souslin continuum S and a monotone surjective map / : S — > [0, 1]. For 
each point x e [0,1], split a point s chosen from the f~ 1 (x) into two points. The 
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resulting space, denoted by S', clearly admits has a continuous map onto the split 
interval. Moreover, S' is still ccc and not separable, so it is a compact Souslin 
line. □ 
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